Abstract. The main motivation of this paper is the following open problem: Is the hypercontractivity of the complex polynomial Bohnenblust-Hille inequality an optimal result? We show that the solution to this problem has a close connection with the searching of the optimal constants for the real polynomial Bohnenblust-Hille inequality. So we are lead to a detailed study of the hypercontractivity constants for real scalars. In fact we study two notions of constants of hypercontractivity: absolute (H a,R ) and asymptotic (H ∞,R ). Among other results, our estimates combined with recent results from [3] show that 1.5098 < H ∞,R < 2.829 and 1.6561 < H a,R < 3.296.
Introduction
If E is a Banach space, real or complex, we say that P is a homogeneous polynomial on E of degree m ∈ N if there exists a symmetric m-linear form on E m such that P (x) = L(x, . . . , x) for all x ∈ E. We denote by P( m E) and L s ( m E) the spaces of continuous m-homogeneous and continuous symmetric m-linear forms on E. It is well-known that a homogeneous polynomial is continuous if and only if P is bounded over the unit ball B E of E, and in that case P = sup{|P (x)| : x ∈ B E } defines a norm in P( m E). If P ∈ P( m E), we shall refer to P as the polynomial norm of P in E. This norm is very difficult to compute in most cases, for which reason it would be interesting to obtain reasonably good estimates on it. The ℓ p norm of the coefficients of a given polynomial on K n (K = R or C) has also been widely used in mathematics and is much easier to handle. Observe that an m-homogeneous polynomial in K n can be written as
where x = (x 1 , . . . , x n ) ∈ K n , α = (α 1 , . . . , α n ) ∈ (N ∪ {0}) n , |α| = α 1 + · · · + α n and x α = x α 1 1 · · · x αn n . Thus we define the ℓ p norm of P , with p ≥ 1, as
If E has finite dimension n, then the polynomial norm · and the ℓ p norm | · | p (p ≥ 1) are equivalent, and therefore there exist constants k(m, n), K(m, n) > 0 such that
for all P ∈ P( m E). The latter inequalities may provide a good estimate on P as long as we know the exact value of the best possible constants k(m, n) and K(m, n) appearing in (1.2). The problem presented above is an extension of the the well known polynomial BohnenblustHille inequality. It was proved in [2] that there exists a constant D m > 0 such that for every P ∈ P( m ℓ n ∞ ) we have
Observe that (1.2) coincides with the first inequality in (1.2) for p = 2m m+1 except for the fact that D m in (1.2) can be chosen in such a way that it is independent from the dimension n. Actually Bohnenblust and Hille showed that 2m m+1 is optimal in (1.2) in the sense that for p < 2m m+1 , any constant D fitting in the inequality |P | p ≤ D P , for all P ∈ P( m ℓ n ∞ ) depends necessarily on n. It was recently shown in [6] that the complex polynomial Bohnenblust-Hille inequality is hypercontractive. For real scalars, in [3] , it was proved that the real BohnenblustHille polynomial inequality is hypercontractive and this result cannot be improved. The optimality of the result for complex scalars is still open.
The polynomial and multilinear Bohnenblust-Hille inequalities have important applications in different fields of Mathematics and Physics, such as Operator Theory, Fourier and Harmonic Analysis, Complex Analysis, Analytic Number Theory and Quantum Information Theory. Since its origins in 1931, in the Annals of Mathematics, the (multilinear and polynomial) Bohnenblust-Hille inequalities were overlooked for a long period (see [2] ) and were only rediscovered in the last few years with works of A. Defant, L. Frerick, J. Ortega-Cerdá, M. Ounaïes, D. Popa, U. Schwarting, K. Seip, among others (see, e.g., [7, 8, 11, 12, 15, 16] ).
The main motivation of this paper is the following open problem: Is the hypercontractivity of the complex polynomial Bohnenblust-Hille inequality an optimal result?
We show that the search of optimal values for D m,R is closely related to the aforementioned problem.
So, we try to determine the value of the best constant in (1.2). This constant depends considerably on whether we consider the real or complex version of ℓ n ∞ , which motivates the following definition
2.
How is the real case connected to the optimality of hypercontractivity of the complex Bohnenblust-Hille inequality?
In this section we show how the problem of the sharpness of the hypercontractivity of the complex polynomial Bohnenblust-Hille inequality is related to the search of optimal constants for the case of real scalars. We need to introduce an asymptotic approach to the notion of hypercontractivity constant: Observe that for every ǫ > 0 there exists Proof. Let C be a real number such that
Then there is a sequence m 1 < m 2 < · · · of positive integers so that
for all j. Let ε > 0 be a positive integer such that
Thus, for all such m j there is an m j -homogeneous polynomial
If P C,m j denotes the complexification of P m j then, from [3] (using a result due to C. Visser [18] ), we know that
We thus have
The above result is the motivation of the rest of the paper: to look for lower bounds for the constants of the real polynomial Bohnenblust-Hille inequality.
3. Lower bounds for the polynomial Bohnenblust-Hille constant
for all choices of the a α 's, where | · | p denotes the usual ℓ p norm. The inequality (3.1) would provide an easy way to obtain lower bounds for D R,m if we knew a simple way to compute P for special P . Besides the notion of asymptotic hypercontractivity constant we consider the following alternative approach: 
We prove that (combining our results with [3]) 1.5098 < H ∞,R < 2.829 1.6561 < H a,R < 3.296
and we provide numerical evidence that 1.6561 < H ∞,R .
3.1.
The case m = 2. Our notation follows [3] . The value of the constant D R,2 (P( 2 ℓ 2 ∞ )) can be obtained using the geometry of the unit ball of P(ℓ 2 ∞ ) described in [4] . We state the result we need for completeness: [4] ] The extreme points of the unit ball of P( 2 ℓ 2 ∞ ) are the polynomials of the form ±x 2 , ±y 2 , ±(tx 2 − ty 2 ± 2 t(1 − t)xy),
As a consequence of the previous result, we obtain the following:
Moreover, the following polynomials are extreme for this problem:
Proof. Let
We just have to notice that due to the convexity of the ℓ p -norms and Theorem 3.2 we have
Observe also that the last supremum is attained at t ≈ 0.8678352808, concluding the proof.
3.2.
The case m = 3. To the authors' knowledge the calculation of P is, in general, far from being easy. However there is a way to compute P for specific cases. For instance Grecu, Muñoz and Seoane prove in [10, Lemma 3.12] the following formula:
where
A combination of Lemma 3.5 and (3.1) provide the following sharp polynomial BohnenblustHille type constant: Theorem 3.6. Let P a,b (x, y) = ax 3 + bx 2 y + bxy 2 + ay 3 for a, b ∈ R and consider the subset of
, if a = 0 and 
The authors have numerical evidence to state that
Moreover, one polynomial for which D R,3 (P( 3 ℓ 2 ∞ )) would be attained is approximated by
One might think that the powers of this polynomial would improve the lower estimates for the real polynomial Bohnenblust-Hille inequality found in [3] , but it is not true. Indeed, Notice that Despite the powers of P 3 do not provide an improvement on the lower estimates obtained on D R,m , we will see in the next section that those estimates can be improved by finding D R,4 numerically.
3.3.
The case m = 4n.
Proof. Consider the 4-homogeneous polynomial given by
A straightforward calculation shows that P 4 attains its norm at ±(±
and that P 4 = 2 √ 3 9 . Therefore
On the other hand P n 4 = 2 √ 3 9 n and
Hence, if a is the vector of the coefficients of P 4 , by (3.1) and using the fact that |·| 8n 4n+1 ≥ |·| 2 (notice that here | · | 2 is the euclidean norm), we have
Above we have used the well known formula 
Observe that
Proof. Using Stirling's approximation formula n! ∼ √ 2πn n e n in (3.3) we have, for m = 4n
As a consequence of the latter result and [3, Theorem 6.4] we have:
The above result will be improved later.
The following corollary, although simple, is stressed because, as it will be seen later on Theorem 6.1, it highlights a rupture between the real and complex cases. Using elementary calculus it can be seen that P 5 = 0.286170950359, up to 10 decimal places. Then if a n is the vector of the coefficients of P n 5 for each n ∈ N, then we know that
in particular one can check numerically that
The authors have numerical evidence showing that D R,5 (P( 5 ℓ 2 ∞ )) = 6.8359 up to 4 decimal places.
A table with estimates on D R,5n obtained by using (3.4) for different values of n ∈ N can be found in Table 2 . 
H ∞,R ≥ 1.5480.
Concerning the absolute hypercontractivity constant we have (combining our results with [3] ):
Corollary 3.14.
1.5480 ≤ H a,R < 3.296 3.5. The case m = 6n. The authors have numerical evidence pointing to the fact that the extreme polynomial in the Bohnenblust-Hille inequality for polynomials in P( 6 ℓ 2 ∞ ) is of the form Q a,b (x, y) = ax 5 y + bx 3 y 3 + axy 5 .
This motivates a deeper study of this type of polynomials, which we do in the following result. Proof. We do not lose generality by considering only polynomials of the form Q 1,λ , in which case
The polynomial q λ (x) := x 5 + λx 3 + x has no critical points if λ > − 
It is easy to check that |q
3 , which implies that
The equation |2 + λ| = |q λ (x 0 )| turns out to have only two roots, namely λ 0 ≈ −2.2654 and λ 1 ≈ −1.6779. By continuity, it is easy to prove that |2 + λ| ≤ |q λ (x 0 )| only if
3 , which concludes the proof. As we did in the previous cases, it would be interesting to know if we can improve our best lower bound on D R,m by considering powers of
with λ 0 = −2.2654. If a n is the vector of the coefficients of P n 6 for each n ∈ N, then we know that
Using (3.6) we can construct a table (see Table 3 of lower estimates for D R,6m that improves the results obtained in tables 1 and 2.
Remark 3.17. Observe that using the estimates in Table 3 we obtain D R,420 ≥ (1.5828) 420 , whereas using the polynomial P 5 as in the construction of Table 2 we would have Table 3 . Estimates on D R,m for some multiples of 6.
The last inequality suggests that
H ∞,R ≥ 1.5828.
Corollary 3.18.
1.5828 ≤ H a,R < 3.296 3.6. The case m = 2 n and n > 1. For m = 4 let us consider
Using induction we consider
For n = 3, 4, 5 we were able to compute
and these results are quite better than those from the previous sections when m = 2 n . We thus conclude that H a,R ≥ 1.65617484 and we have numerical evidence that in fact (3.5) can be improved to means that for r < 2m m+1 the factor D C,m will appear multiplied by a factor depending on n. The next result shows that this factor is precisely n (
m+1 is the precise value where the dependence on n disappears:
Proof. Let r ∈ [1, 2m m+1 ]. The proof of (4.1) for complex scalars is easily obtained by using the Holder Inequality in combination with the case 2m m+1 ; we learned this argument from [5] . For real scalars, according to [3] , if P : ℓ n ∞ (R) → R is an m-homogeneous polynomial, then (as in Proposition 2.2),
where P C is the complexification of P . So, we obtain (4.1) for real scalars. It also simple to see that the constant L K can be chosen independent of m, r, n. Now let us prove the optimality of the exponent 
be the m-homogeneous Bernoulli polynomial satisfying the Kahane-Salem-Zygmund inequality (note that this inequality is also valid for real scalars, see [14] ).
The proof follows the lines of [14, Theorem 10.2] ; the essence of this argument can be traced back to Boas' classical paper [1] . We can suppose n > m. As in [14] , we have
where p (n) > 0 is a polynomial of degree m − 1. If (4.1) was valid with the power q, then there would exist a constant C q,K > 0 so that
where C KSZ > 0 is the universal constant from the Kahane-Salem-Zygmund inequality. Hence
for all n. Raising both sides to the power of r and letting n → ∞ we obtain
2 , we have deg s = m > qr + r(m + 1)/2 and thus the limit above is infinity, a contradiction.
4.2.
Another rupture between the cases of real and complex scalars. If we replace 2m m+1 by q > 2m m+1 in the polynomial Bohnenblust-Hille inequality it is natural to investigate if, at some point on, the dependence on the factor depending on m disappears. More precisely, we consider
For q = 2 and complex scalars, it is well-known (see [17] and details can be found in the proof of the Theorem 6.1) that
for all m and n, and thus ρ C ≤ 2.
From a recent result of D. Nuñez-Alarcón ( [13] ), we know that for all m there is an m-homogeneous polynomial so that
More precisely,
We thus have:
For real scalars, however, from the previous section it is easy to see that ρ R = ∞.
Bohnenblust-Hille type inequalities and multilinear forms
The multilinear Bohnenblust-Hille inequality (1931, [2] ) asserts that for every positive integer m ≥ 2 there exists a sequence of positive scalars C C,m ≥ 1 such that
U (e i 1 , . . . , e im ) The result is also valid for real scalars and 2m m+1 is optimal in both real and complex cases. As in the polynomial case, the only differences between the complex and real scalars appear in the best constants involved. For example
5.1. A variant for both complex and real scalars. The next proposition is the multilinear version of Theorem 4.1.
], m, n be positive integers and K = R or C. There is an universal constant C m > 0 such that
Proof. Let C m T .
be an m-homogeneous polynomial and T be its polar. Then |T (e i 1 , . . . , e im )| r .
We finally obtain
|T (e i 1 , . . . , e im )| is optimal.
5.2. Other parameters. Now let us define
For both real and complex scalars it is well-known that
However no more information is available for the complex case. In fact no nontrivial lower bounds for the constants of the complex multilinear Bohnenblust-Hille are known. All we know is that C C,m ≥ 1.
For real scalars we have:
Proof. Let q < 2. As in ( [9] ), considering 
Contractivity in finite dimensions
In the present section we will prove that the complex polynomial Bohnenblust-Hille constants for polynomials on C n , with n ∈ N fixed, are contractive, and not hypercontractive as it happens for real polynomials on R n (Corollary 3.12). Therefore, if we want to prove the sharpness of the hypercontractivity of the complex polynomial Bohnenblust-Hille constants we have to search for polynomials in growing number of variables. for all P ∈ P( m ℓ n ∞ ). Proof. Let P (z) = |α|=m c α z α and f (t) = P (e it 1 , . . . , e itn ) = |α|=m c α e iαt , where t = (t 1 , . . . , t n ) ∈ R n α ∈ (N ∪ {0}) n and αt = α 1 t 1 + · · · + α n t n . . Observe that if f denotes the sup norm of f on [−π, π], by the Maximum Modulus Principle f = P . Also, due to the orthogonality of the system {e iks : n ∈ Z} in L 2 ([−π, π]) we have the proof is done.
Comparative tables
In this final section we organize the results of the previous sections in comparative tables below (for, respectively, polynomials and multilinear forms). We also add recent results for the constants of the polynomial Bohnenblust-Hille inequality and for the constants of the multilinear Bohnenblust-Hille inequality (see [14] ). Optimal extra factor for r ∈ [1, 
